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We investigated the solid-liquid work of adhesion of water on a model silica surface by molecular
dynamics simulations, where a methodology previously developed to determine the work of adhesion
through thermodynamic integration was extended to a system with long-range electrostatic interactions
between solid and liquid. In agreement with previous studies, the work of adhesion increased when the
magnitude of the surface polarity was increased. On the other hand, we found that when comparing two
systems with and without solid-liquid electrostatic interactions, which were set to have approximately
the same total solid-liquid interfacial energy, former had a significantly smaller work of adhesion and
a broader distribution in the interfacial energies, which has not been previously reported in detail. This
was explained by the entropy contribution to the adhesion free energy; i.e., the former with a broader
energy distribution had a larger interfacial entropy than the latter. While the entropy contribution
to the work of adhesion has already been known, as a work of adhesion itself is free energy, these
results indicate that, contrary to common belief, wetting behavior such as the contact angle is not only
governed by the interfacial energy but also significantly affected by the interfacial entropy. Finally,
a new interpretation of interfacial entropy in the context of solid-liquid energy variance was offered,
from which a fast way to qualitatively estimate the work of adhesion was also presented. Published
by AIP Publishing. https://doi.org/10.1063/1.5019185
I. INTRODUCTION
Since the ground-breaking work of Young in 1805,1 the
behavior of systems with a three-phase contact line, such as
droplets, has been a topic of interest both as basic science and
in various engineering fields due to its considerable practical
importance.2–4 Owing to recent advances in industrial pro-
cesses such as high resolution printing5 and semiconductor
production,6 the resolution of interest has reached the nanome-
ter scale and profound understanding of liquid behavior at such
a scale has become more important.
The force balance discussed by Young to describe the
shape of a droplet in equilibrium on a given surface takes the
following form:1
γlv cos θ − γsv + γsl = 0. (1)
Equation (1) relates the contact angle θ to the surface and inter-
facial tensions of the system, namely, the liquid surface tension
γlv, the solid-vapor interfacial tension γsv, and the solid-liquid
interfacial tension γsl. Interfacial tension is defined as a partial
derivative of free energy as
γ =
(
∂G
∂A
)
T ,P,N
=
(
∂F
∂A
)
T ,V ,N
, (2)
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where G and F are the Gibbs and Helmholtz free energies,
while T, P, V, N, and A represent system temperature, pressure,
volume, particle number, and interface area, respectively.
Pioneering works by Kirkwood and Buff on the statistical
mechanics of surface tension7 opened the doors to computa-
tional works on the wettability of mono-atomic Lennard-Jones
(LJ) liquids governed by short-range forces.8–15 In many of
these works, it was shown that Young’s macroscopic model
was also applicable to simple mono-atomic liquids at the
microscale. Additionally, two of the present authors with other
members of their group performed molecular dynamics (MD)
simulations to quantify the interfacial tensions in nanometer-
sized droplets with realistic models of water-alcohol mix-
tures on non-polar surfaces. It was demonstrated that Young’s
equation was also valid in those cases.16
The wetting behavior of a given solid-liquid system may
also be quantified through the work of adhesion W sl,v, which
is defined by the work of reversibly removing a given liquid
in equilibrium with its vapor from a given solid through
Wsl,v = γsv + γlv − γsl. (3)
Under the condition that γsv can be approximated by the solid
surface tension γs as γsv ≈ γs, i.e., when the vapor adsorption
is negligible,17 W sl,v is substituted by the solid-liquid work of
adhesion W sl as
Wsl = γs + γlv − γsl. (4)
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It was recently shown by MD simulations of water on non-
polar and polar surfaces that the effect of vapor adsorption on
θ may be considered negligible for systems with θ > 60◦.18 In
general, there is a direct connection between the work of adhe-
sion W sl or W sl,v and θ given by the Young-Dupre´ equation,
which for W sl is obtained by combining Eqs. (1) and (4),
Wsl = γlv (1 + cos θ) . (5)
Equation (5) shows that the W sl may be obtained through the
calculation of γlv on the one hand and through the measure-
ment of θ in droplet simulations on the other hand. Equation (4)
defines W sl as a change in free energy per unit area during the
reversible removal process
Wsl =
(
∆G
A
)
T ,P,N
=
(
∆F
A
)
T ,V ,N
, (6)
which can be either accessed by calculations of the free
energy, e.g., through thermodynamic integration, or obtained
directly through interfacial tensions, e.g., through the so-called
mechanical route based on the Bakker’s equation.8,9,15,16
Recently, an approach called the dry-surface method
based on thermodynamic integration was developed by two
of us to obtain W sl from free energy calculations, i.e., without
resorting to droplet simulations.19 This method was applied
to study the wetting behavior of water on various mildly
hydrophobic non-polar surfaces like graphite20 and the basal
plane of molybdenum disulfide.21 In this approach, the solid-
liquid pair interactions given in the Lennard-Jones (LJ) form
were gradually weakened through a coupling parameter to the
point where almost no attractive interaction remained, and
the liquid surface was essentially no longer affected by the
solid surface. The free energy change per unit area for this
transformation is equal to W sl and was obtained by thermo-
dynamic integration along the path defined by the coupling
parameter.
In the present work, we extended the dry-surface approach
to polar surfaces with Coulomb interactions between liquid and
surface in addition to LJ pair interactions. In particular, we per-
formed MD simulations to calculate the solid-liquid work of
adhesion between water and a weakly polar, but overall neutral,
silica surface without silanol groups, for the sake of simplicity.
At its core, the dry-surface method described in this work fol-
lowed the basic framework of the original dry-surface paper,19
except for a different integration path because of dealing with
Coulomb potential in addition to van der Waals forces. Indeed,
as both of them are pair potentials, conceptually there was no
need to treat electrostatic interactions differently. Going even
deeper, the dry-surface method itself fundamentally used the
same methods used for computation of solvation or binding
free energies, which have been available in packages such as
GROMACS,22 even offering correct treatment of Coulomb
interactions. From this viewpoint, the greatest challenge in
applying the dry-surface method to systems with long-range
electrostatic interactions at solid-liquid interfaces was rather
technical. If done in a straightforward fashion, the dry-surface
method would have required to modify the electrostatic solid-
liquid interactions without changing solid-solid and liquid-
liquid interactions. Within the knowledge of the authors
at the time of writing, no MD package offered this when
long-range electrostatics were treated with Ewald-based meth-
ods, because their default implementations only solve a single
Poisson’s equation for all system charges and would have
required non-trivial modifications to do otherwise. A similar
problem existed upon adapting the previously mentioned pack-
ages used for computing solvation energies; while the solid-
liquid (solute-solvent) interactions can be correctly modified,
vacuum (non-periodic) conditions are assumed for decoupled
liquid phase (solvent), rendering them inapplicable for work
of adhesion computations that require periodic boundary con-
ditions for the liquid phase. Therefore, presently, none of the
available tools or packages in their current state can be used
to compute the work of adhesion in a straightforward manner
for systems such as those in this paper, unless one is ready
to take more indirect integration paths.18 This work offered
a method to achieve this through a straightforward integra-
tion path with standard molecular dynamics simulations and
a posteriori computation of solid-liquid energies, provided by
readily available and unmodified LAMMPS simulation pack-
age.23 The surface model is described in Sec. II A and specific
details of the interaction potential are provided in Sec. II B.
Systems used with the dry-surface method are described in
Sec. II C, while the extended dry-surface methodology itself
is presented in Sec. II D.
During solid-liquid separation process, there is change in
both of the LJ and Coulomb components of solid-liquid and
liquid-liquid interactions. Regarding the relation between the
free energy and the potential energy of solid-liquid interaction,
it was shown in Ref. 24 and references therein that the change
in liquid-liquid interactions is exactly energy-entropy compen-
sating. In other words, the change in internal energy associated
with the changes in liquid-liquid interactions is exactly equal to
the change in liquid entropy. As a consequence, W sl depends
explicitly only on the solid-liquid interactions24 and is thus
expressed by
Wsl = ∆usl − T∆ssl, (7)
where ∆usl is the increase in the potential energy per unit area
due to the solid-liquid interactions upon the solid-liquid sepa-
ration and ∆ssl is the corresponding entropy increase. Because
the potential energy is reduced by the solid-liquid contact,∆usl
is positive, meaning that energy, i.e., work must be added to
separate the liquid from solid surface. The entropy term T∆ssl
is also positive as discussed in a previous work.24 It is also
interesting to note that the importance of solute-substrate inter-
actions on entropy was recently discussed in the context of the
hydrophobic collapse of macromolecular aqueous systems.25
We quantified the contribution from both LJ and Coulomb
interactions to W sl and showed that for a given value of ∆usl,
W sl was larger for pure LJ solid-liquid interactions than for a
mixture of LJ and Coulomb interactions. In other words, the
presence of interfacial Coulomb interactions induced a larger
entropy gain for a given solid-liquid interaction energy upon
solid-liquid separation. This is illustrated in Sec. III A, and
the underlying mechanisms are discussed in Secs. III B and
III C. We also show in Sec. III B that provided that the solid-
liquid interactions are dominated by LJ pair interactions, a
variety of solid-water systems with solid surfaces extending
from graphite, graphene, hexagonal boron nitride, and molyb-
denum disulfide to the present silica model yielded almost the
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same relation between W sl and usl. Finally, an approach to
estimate T∆ssl with a minimal calculation cost is proposed in
Sec. III D.
Altogether, the present contribution sheds light on the
mechanisms at the molecular level that determine the mag-
nitude of entropy effects on polar and non-polar surfaces.
II. METHODOLOGY
The LAMMPS23 MD package was used to perform the
simulations with the velocity Verlet time integrator. As the
O–H bond of selected water model had a vibration period of
approximately 9 fs, a timestep of 0.5 fs was chosen accord-
ing to the general rule of picking below one-tenth of the
fastest motion period.26 It was also confirmed that the prop-
erties of water bulk were properly reproduced under constant-
temperature ensembles mentioned below. The positions of the
particles were collected every 200 steps.
A. Silica surface
Silica surface was modeled as α-cristobalite, where water
was in contact with its (101) plane. The model from the work
of Emani et al.27 was used to create the surface, as will be
discussed in detail below. With this model, harmonic poten-
tials were employed to describe the bending motion of the
Si–O–Si and O–Si–O angles, as well as the vibrations of the
Si–O bonds. For the free energy and droplet calculations, the
relaxed surface was used, with the atoms frozen at their equilib-
rium position. The potential parameters for the flexible silica
model are given in Table I.
As will be discussed later in Sec. II B, we used cut-off
lengths and potential truncation schemes different from those
in the original paper by Emani et al.27 Therefore, simula-
tions of a silica bulk were performed first to recalculate the
unit cell parameters to avoid unwanted stress in the structure.
The coordinates of an α-cristobalite cell containing 12 Si and
24 O atoms with the dimension 8.55 × 4.98 × 12.14 Å3 and
the (101) plane aligned perpendicular to the z-direction were
obtained from the supplementary material of Ref. 27. This
“basic cell” was used as a building block to create bulk silica
systems. Two bulk systems were constructed from 4×7×3 and
TABLE I. Lennard-Jones parameters and electrostatic charges for water and
silica. Equilibrium distances, angles, and force constants for the harmonic
potentials for the water and silica models are also included.
Atom σ (Å) ε (kcal/mol) q (e)
O(water) 3.1655 0.155 43 0.82
H . . . . . . +0.41
Atom σ (Å) ε (kcal/mol) q (e)
O(SiO2) 3.47 0.054 0.55
Si 4.15 0.093 +1.10
Bond r0 (Å) kr (kcal/mol Å2)
O–H 1.012 529.581
Si–O 1.68 285
Angle θ0 (deg) kθ (kcal/mol rad2)
O–Si–O 109.5 100
Si–O–Si 149 100
6 × 10 × 4 basic cells with 3024 and 8640 atoms, respectively.
A simulation with constant number of particles, constant pres-
sure, and constant temperature (NPT ) was performed for each
system with periodic boundary conditions in all directions. A
temperature of 300 K and zero pressure were maintained by
Nose´-Hoover style equations,28 with the thermostat and baro-
stat each having three chains and damping coefficients set to
50 and 500 fs, respectively. The cell dimensions in the x-,
y- and z-directions were independently controlled because of
the anisotropic nature of the cell. The systems were equili-
brated for 0.5 ns, and another 0.5 ns was used to calculate
the mean dimensions of the cell. The small and large bulk sys-
tems yielded similar dimensions of the equilibrated structures,
namely, 8.57 × 4.96 × 12.16 Å3 for the dimension of the basic
cell.
A silica surface was prepared by first creating a bulk sys-
tem consisting of 4×7× 2 basic cells, followed by breaking the
bonds that crossed the boundary of the initial simulation cell
in the z-direction, and finally by elongating the z-dimension of
the simulation domain to 200 Å. The boundary condition was
also changed from periodic to mirror in this direction. Oxygen
atoms with a dangling bond were repositioned to be bonded
to two silica atoms at the surface, creating siloxane bridges. A
simulation with constant number of particles, constant volume,
and constant temperature (NVT ) followed, where the temper-
ature was set to 300 K using the Langevin thermostat29 with a
damping coefficient of 1 ps. The system was first equilibrated
for 1.1 ns. The mean positions of the silica atoms were obtained
from an additional simulation of 1 ns, during which the period-
icity of the silica crystal structure in the x- and y-directions was
taken into account. These mean positions were used to create
a silica surface with frozen atoms, as can be seen in panel (a)
of Fig. 1. Note that the crystal structure was deformed next to
the surface. This deformation caused not only the surface but
also the whole silica crystal to expand by roughly 11% in the
z-direction compared with bulk silica. We also note that the
silica slab is overall neutral.
B. Interaction potentials
The flexible SPC/Fw30 model was chosen to represent
water because this model was reported to yield good agree-
ment with the experimental data for dynamical and dielectric
properties.31 The bond vibrations and angle bending motion
were modeled by harmonic potentials. The flexibility of the
model enables the water molecule to change its dipole moment,
which was considered to be more suitable than rigid mod-
els for the investigation of the interaction with a polar sur-
face. The parameters of the water model are summarized in
Table I.
Water and the silica surface interacted through the LJ and
Coulomb pair potentials. Because these potentials are indepen-
dent of each other, the total solid-liquid interaction potential
energy Φsl is the sum of the LJ Φsl(LJ) and Coulomb Φsl(C)
components. In the original dry-surface calculations that led
to W sl, the interaction strength between water and surface was
varied between the full interaction and a value such that water
and surface were virtually uncoupled. In this work, the varia-
tion was implemented through two coupling parameters κ(>0)
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FIG. 1. (a) Top and side views of the sil-
ica surface used in film systems. The sil-
ica surface consisted of only silicon and
oxygen atoms and had no silanol groups.
(b) Side view of one of the film sys-
tems composed of a silica surface and a
water liquid layer, which were used for
the dry-surface method. Oxygen atoms
of water molecules are colored blue for
clarity. The atomic positions of the silica
surface were fixed.
and λ(≥0) by
Φsl = Φsl(LJ)(κ) + Φsl(C)(λ). (8)
The dependence of Φsl(LJ) on κ was given by the following:
Φsl(LJ)(κ) = κ
∑
i∈water
∑
j∈SiO2
4√εiεj

(
σij
rij
)12
−
(
σij
rij
)6 , (9)
where εj is either εO(SiO2) or εSi given in Table I and rij is
the distance between the ith water atom and jth surface atom.
The distance parameters between different atom typesσij were
obtained through the Lorentz-Berthelot mixing rule, i.e., arith-
metic mean. The dependence of Φsl(C) on λ was also modeled
with a linear relationship given by the following:
Φsl(C)(λ) = λ
∑
i∈water
∑
j∈SiO2
qiqj
4pi0rij
, (10)
where qj is either qO(SiO2) or qSi given in Table I. The intervals
for the variation of κ and λ are discussed in Sec. II D.
The switching function often employed in the Chemistry
at HARvard Molecular Mechanics (CHARMM) force field32
was applied to the LJ potential between 12 and 13 Å such that
the potential vanished at 13 Å. Note that the force switching
function also used in CHARMM was not employed; i.e., the
LJ force F i(LJ) applied to particle i in this study is the strict
derivative of the potential energy
Fi(LJ) = −∂S
potΦLJ
∂ri
= −Spot ∂ΦLJ
∂ri
− ΦLJ ∂S
pot
∂ri
, (11)
where Spot is the CHARMM potential switching function. In
principle, Spot should also be included in Eq. (9) but was omit-
ted for clarity. Coulomb interactions were calculated using the
charges in Table I with the long-range electrostatic interac-
tions treated by the Particle-Particle-Particle-Mesh (PPPM)
method33 with a relative force accuracy set to 106 and a
real space cut-off distance set to 13 Å. By default, the PPPM
method treats systems as periodic in all directions, which
makes unnecessary electrostatic interactions appear between
real and replica simulation cells in the z-direction for our non-
bulk systems. To remedy this, the “slab” option was used
with LAMMPS “kspace modify” command, which effectively
removed these unwanted interactions by disabling dipole-
dipole interaction with the replica images in the z-direction
and by elongating system dimensions by 3 times only dur-
ing the calculation of electrostatics, effectively creating more
empty space between real and replica images.34
C. Simulation conditions
The free energy calculations with the dry-surface method
were carried out for a water film adsorbed on the silica surface.
A snapshot of such a simulation setup is shown in panel (b) of
Fig. 1. The liquid film consisting of 3600 molecules was placed
on the top of the silica described in Sec. II A. Simulations at
NPT conditions were performed, where the positions of silica
atoms were fixed and the temperature of the liquid phase was
kept at 300 K by stochastic velocity rescaling35 with a damp-
ing coefficient of 1 ps. This thermostat was chosen because it
is known to reproduce the correct diffusive behavior of water
molecules regardless of the damping coefficient.36 For sys-
tems with very weak solid-liquid interactions (κ ≤ 0.1, λ = 0),
the total translational momentum of the water molecules in the
z-direction was set to zero every 104 timesteps to prevent the
liquid film from drifting away from the silica surface. These
weak-interaction systems were equilibrated for 10 ns owing to
high density fluctuation at the solid-liquid interface and slower
equilibration due to removal of linear momentum, while the
rest of the systems were equilibrated for 1 ns. The dry-surface
method and related analyses were carried out with the simula-
tion time depending on the type of solid-liquid interactions in
the system as follows: 5 ns for very weak solid-liquid interac-
tions (κ ≤ 0.1, λ = 0), 3 ns for weak solid-liquid interactions
(0.1 < κ ≤ 1, λ = 0), and 1.5 ns for the remaining systems.
The equilibration times were deemed to be enough for these
systems because water molecules have a high diffusion coeffi-
cient. The convergence of the potential energy with time was
also verified.
D. Dry-surface calculations
The dry-surface methodology19–21 is a thermodynamic
integration37 approach used to obtain W sl as the free energy
difference per unit area between the actual solid-liquid sys-
tem with the interfacial tension γsl and a reference system
whose interfacial tension is close to γs + γlv. In practice, the
actual interface is turned into the reference interface by quasi-
statically modifying the solid-liquid pair interaction potentials
with the aim to decrease the depth of the total solid-liquid
interaction potential. In the present study, W sl for the origi-
nal silica-water surface with (κ, λ) = (1, 1) was obtained by
reversibly changing (κ, λ) into (κ0, 0) with κ0  1. Note
that values for (κ, λ) different from (1, 1) describe systems
whose surface has the structure of silica but whose solid-liquid
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interaction strength is either larger or lower than the actual
interaction. Also note that for W sl as a two-variable function
of κ and λ, an arbitrary system satisfying W sl(κ, λ) = W sl(1, 1)
with (κ, λ) , (1, 1) is possible, e.g., by decreasing the LJ
interactions with κ < 1 and simultaneously increasing the
Coulomb interactions with λ > 1. This is illustrated later in the
text.
The “slab” treatment of electrostatics, discussed in
Sec. II B, requires a non-periodic condition in the z-direction,
which greatly limits pressure control options available in
LAMMPS. Because of this, a setup of liquid films in equilib-
rium with their vapor adsorbed on solid surfaces was chosen
instead of one where the liquid files are positioned between
two outer surfaces,19 as having a vapor phase freed us from
the need of a barostat. The film systems contained a constant
number of particles in a fixed volume, and temperature was also
maintained constant. Hence, the solid-liquid work of adhesion
at a given (κ, λ) is the Helmholtz free energy difference per
unit area expressed by
Wsl(κ, λ) = − 1A [F(κ, λ) − F(κ0, 0)] , (12)
where A is the area of xy cross-section of the simulation sys-
tem parallel to the surface. Equation (12) is independent of
the path, and an important constraint to correctly calculate
the thermodynamic integration and obtain W sl in a reliable
way is to quasi-statically trace an arbitrary path between the
given state (κ, λ) and the reference state (κ0, 0). Note that
strictly speaking, the convergence of Eq. (12) does depend
on the integration path. In the present study, a satisfactory
convergence was obtained with an integration that was per-
formed in two phases: in the first phase, called LJ modification
phase (LJ-mp), the change from (κ0, 0) to (κ, 0) was per-
formed, and in the second phase, called Coulomb modification
phase (C-mp), the change from (κ, 0) to (κ, λ) was performed.
Note that the C-mp was newly implemented in the present
study as an extension of the previous dry-surface methodol-
ogy only with the LJ-mp operation. Additional calculations
were performed for systems with λ = 0 and 1 < κ < 2 as
well as 1 < λ < 2 and κ = 1, i.e., systems with stronger
solid-liquid LJ interaction without Coulomb interactions and
those with stronger solid-liquid Coulomb interaction with
keeping the LJ strength. With these variations, it was possi-
ble to compare systems with the same average solid-liquid
interfacial potential energy but with a different balance of the
LJ and Coulomb interactions and thus possible to address
the effects of these respective interactions on the work of
adhesion.
Because the LJ and Coulomb potentials are additive con-
tributions to Φsl and also because the system Hamiltonian
explicitly depends on κ and λ [Eqs. (9) and (10)], for the
present thermodynamic path consisting of LJ-mp and C-mp,
the free energy difference is
F(κ, λ) − F(κ0, 0) =
∫ κ
κ0
〈
∂Φsl(LJ)(κ′)
∂κ′
〉
T ,V ,N ,λ=0
dκ′
+
∫ λ
0
〈
∂Φsl(C)(λ ′)
∂λ ′
〉
T ,V ,N ,κ
dλ ′. (13)
The analytical forms of the partial derivatives in Eq. (13) are
given by
∂Φsl(LJ)
∂κ
= Φsl(LJ)(1) (14)
and
∂Φsl(C)
∂λ
= Φsl(C)(1), (15)
respectively. Equations (14) and (15) mean that the integrands
in Eq. (13) are obtained from the analytical expression of the
water-silica potential energies with (κ, λ) set equal to (1, 1)
but with the configuration space accessible at other values of
(κ, λ). We further introduced the quantities u0
sl(LJ) =Φsl(LJ)(1)/A
and u0
sl(C) = Φsl(C)(1)/A for the integrands of Eq. (12). Note
that both u0
sl(LJ) and u
0
sl(C) depend implicitly on κ and λ. The
operational equation for W sl is thus
Wsl(κ, λ) = −
∫ κ
κ0
〈
u0sl(LJ)
〉
T ,V ,N ,λ=0
dκ′
−
∫ λ
0
〈
u0sl(C)
〉
T ,V ,N ,κ
dλ ′. (16)
Molecular dynamics was used to calculate the ensemble
averages of the integrand in Eq. (16) and the integrals were
subsequently calculated via the trapezoidal rule. In practice,
the calculated ensemble averages were substituted by the time
averages of the quantities in the bracket, given, for instance,
by 〈
u0sl
〉
≈ u0
sl ≡
1
tsim
∫ tsim
0
u0sldt, (17)
using the simulation time tsim and assuming that the system
was ergodic. A total number of 33 and 31 data points were
used for LJ-mp and C-mp, respectively. The u0
sl for very weak,
weak, and normal solid-liquid interaction systems took at most
approximately 3, 2, and 0.8 ns to converge, respectively, with
the greatest standard error of the mean at 0.2 mN/m, obtained
by using 500 sample block averages.
A challenging part of the present method is to calculate
the Coulomb components of solid-liquid interaction energy as
they are long-ranged forces. This was treated by employing the
“group/group” command in LAMMPS, which calculates the
potential energy between two atom groups. Most importantly,
the long-ranged Coulomb interactions are treated correctly, as,
in the case of the PPPM method, additional charge meshes are
produced for each atom group and extra FFTs are performed by
LAMMPS to obtain exact interaction energies. The only con-
straint is that at least one of the atom groups must be neutral,
which in our case was valid for both silica and water films. By
using existing trajectories with the “rerun” command and mod-
ified parameter files, we obtained the Hamiltonian derivatives
in Eqs. (14) and (15).
III. RESULTS AND DISCUSSION
A. Work of adhesion
Figure 2 shows the average of the Hamiltonian derivatives
u0
sl(LJ)(κ, λ) and u0sl(C)(κ, λ) together with the work of adhesion
W sl(κ, λ) calculated, respectively, according to Eqs. (14)–(16),
where the left and right panels correspond to the LJ-mp and
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FIG. 2. Average of Hamiltonian derivatives u0
sl(LJ)(κ,λ) and u0sl(C)(κ,λ) in Eqs. (14) and (15) and solid-liquid work of adhesion W sl(κ, λ) in Eq. (16) in relation
to the change in Lennard-Jones (LJ) and Coulomb (C) coupling parameters (κ, λ) for (left) (0, 0) → (κ, 0) and (right) (1, 0) → (1, λ). The work of adhesion
W sl(1, 0) in the left panel was used as the initial value for the right panel. Error bars for u0sl(LJ)(κ,λ) and u0sl(C)(κ,λ) are not shown due to the small size of the
standard error of the mean, which is at most 0.2 mN/m.
C-mp of (κ0, 0)→ (κ, 0) and (1, 0)→ (1, λ), respectively. The
value of u0
sl(LJ)(κ0, 0) at the lower limit of integral in Eq. (16)
was obtained by extrapolating from the two nearest data points
in the left panel of Fig. 2. Note that even at weak Coulomb inter-
action during C-mp, the Hamiltonian derivative had a small
value of u0
sl(C)(1, 0) ≈ 0.5 mN/m, though it is too small to be
seen from the right panel of Fig. 2. This was likely because
at λ = 0, there was very little correlation between the hetero-
geneous electrostatic field created by the silica surface and
water molecule orientations, which resulted in a cancelled out
Coulomb gross potential.
It is difficult to determine the precision of the numerical
integration, but it is thought to be acceptably small taking into
account the small size of the standard error of the mean of the
Hamiltonian derivatives and the smooth distribution of data
points in Fig. 2. The work of adhesion for the LJ-mp in the
left panel had the same basic shape as reported by Leroy and
Mu¨ller-Plathe19; i.e., the graph became more linear at larger
κ. On the other hand, unlike the left panel, the work of adhe-
sion for the C-mp shown in the right panel did not appear
to become linear at larger λ but showed a more parabolic
shape. In either case, the work of adhesion increased with
strengthening of the solid-liquid interaction as expected. This
would result in increasing wettability, i.e., a decreasing contact
angle.
B. Relation between the average total solid-liquid
energy, entropy, and work of adhesion
Because the thermodynamic integration in this work
is performed in the opposite direction compared with that
described by Eq. (7) and since solid-liquid interaction energy
is approximately zero at (κ = κ0, λ = 0), the relation between
work of adhesion, solid-liquid energy, and entropy change can
be written as
Wsl(κ, λ) ≈ −usl(κ, λ) + T∆ssl(κ, λ), (18)
where average total solid-liquid energy per unit is
usl(κ, λ) =
[
usl(LJ)(κ, λ) + usl(CL)(κ, λ)
]
(19)
and the entropy difference per unit area is
∆ssl(κ, λ) = ssl(κ, λ) − ssl(κ0, 0). (20)
In addition, because of the chosen integration direction,
∆ssl is always negative and “entropy loss” will be used to
describe the entropy component ∆Tssl, as opposed to “entropy
gain,” except when explicitly referring to the process of liq-
uid separation from solid. The value of usl in Eq. (19) can
be calculated using the LAMMPS “group/group” command
in the same manner as used for the Hamiltonian deriva-
tives in Eqs. (14) and (15). Hence, T∆ssl is obtained by the
following:
T∆ssl ≈ Wsl + usl. (21)
The left panel of Fig. 3 shows the relation between the
average total solid-liquid energy −usl and work of adhesion
W sl for the present LJ-mp with (κ, λ) varied from (κ0, 0)
to (2, 0) together with the data from previous studies.20 A
dashed line of Wsl = −usl was superimposed for reference.
A nearly perfect match between the present and the previ-
ous data was observed, indicating the same basic relation
between the work of adhesion and the solid-liquid energy
held in case of LJ-only solid-liquids interactions, regardless
of surface structures or water models.20 In addition, the com-
parison with the dashed line indicates that the entropy in
Eq. (18) had negative contribution to the work of adhesion; i.e.,
T∆ssl(κ, λ) < 0.
The right panel of Fig. 3 shows the relations between W sl
and −usl as well as between entropy loss T∆ssl and −usl for
LJ-mp and C-mp in the present study, where (κ, λ) is varied
from (1, 0) to (1, 2) for the C-mp. A linear dependence of
W sl on −usl was seen for both phases when the solid-liquid
energy was large, and as a consequence, T∆ssl also linearly
depended on −usl; however, the slopes were different for the
two phases.
We appended linearly fitted lines to the points of W sl for
the LJ-mp from (κ, λ) = (1, 0) to (2, 0) and those for the C-mp
from (κ, λ) = (1, 0) to (1, 2), which approximated
− Wsl(κ, 0) −Wsl(1, 0)
usl(κ, 0) − usl(1, 0) ≈ const. (1 ≤ κ ≤ 2) (22)
and
− Wsl(1, λ) −Wsl(1, 0)
usl(1, λ) − usl(1, 0) ≈ const. (1 ≤ λ ≤ 2), (23)
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FIG. 3. (a) Work of adhesion W sl versus average total
solid-liquid energy per unit area −usl for present data
of the LJ modification phase (LJ-mp) with the existing
data from the work of Leroy et al.,20 where some data
points are omitted for clarity. (b) Work of adhesion W sl
and entropy loss T∆ssl per unit area versus −usl for the
present data of LJ-mp and Coulomb modification phase
(C-mp). The results of linear fittings are shown in Table II.
Corresponding values of (κ, λ) are shown for several
points in both the graphs.
respectively. The slopes of the lines are summarized in Table II
with the corresponding slopes for the relation between T∆ssl
and −usl. The comparison of the slopes for T∆ssl between
LJ-mp and C-mp indicates that a greater entropy loss occurred
upon increasing the silica charges. This difference is thought
to be because the electrostatic forces from the silica surface
additionally constrained the orientation of the water molecules
at the solid-liquid interface, causing different tendencies in the
entropy change and water structure.
C. Properties of water adsorption layer
at the solid-liquid interface
It was expected that the different slopes mentioned in
Sec. III B in Fig. 3 and Table II came from the different
structures of liquid at the solid-liquid interface in LJ-mp and
C-mp. We investigated the microscopic details of the adsorp-
tion layer. Figure 4 shows the density distribution of water
near the solid surface for various (κ, λ) along the LJ-mp and
C-mp for (κ, λ) from (κ0, 0) to (2, 0) and from (1, 0) to (1, 2).
The density in Fig. 4 was calculated using the point mass at
the oxygen and hydrogen sites of water molecules. The peaks
and dips in the density distribution were simply amplified with
the increase in κ for the LJ-mp at κ ≥ 1, with the position of
two adsorption layers with high density remaining unchanged,
whereas the adsorption layer adjacent to the solid-liquid inter-
face approached the solid surface with the increase in λ for the
C-mp.
We further examined the properties of the first adsorption
layer, which is set approximately as the initial 0.4 nm from the
silica surface for all systems and indicated by a dashed line in
Fig. 4. Although this was a somewhat rough approximation,
TABLE II. Slopes of linearly fitting lines in the left panel of Fig. 3 given by
Eqs. (22) and (23).
Mod. phase Fitting range of (κ, λ) Slope for W sl Slope for T∆ssl
LJ (1, 0)→ (2, 0) 0.76 0.24
Coulomb (1, 0)→ (1, 2) 0.38 0.62
as the positions of density peaks and dips differed for different
systems, it was verified that slight variation of the adsorption
layer boundary did not influence the overall results and a more
rigid and systematic definition would have been difficult to
apply for systems with very weak solid-liquid interactions,
because no distinct density peaks existed, illustrated by (κ0, 0)
in Fig. 4. The area number density of the first adsorption layer
is defined as
nads ≡
〈
Nads
A
〉
, (24)
FIG. 4. Density distribution of water at the solid-liquid interface of systems
with various LJ and Coulomb parameters (κ, λ) along (blue solid lines) LJ-mp
from (κ0, 0) to (2, 0) with λ = 0 and (red dotted lines) C-mp from (1, 0) to
(1, 2) with κ = 1. The origin of position z is set to be at approximately the
silica surface. The density was calculated using the point mass at the oxygen
and hydrogen sites of water molecules, and the graph lines were increasingly
shifted by 1 g/cm3 for clarity. A snapshot of the silica surface is superimposed
to the scale of the position axis. The area of first adsorption layer for the
analysis in Figs. 5 and 6 was defined at z < 0.4 nm, marked by a vertical gray
dashed line.
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FIG. 5. Area number density of the first adsorption layer nads at the solid-
liquid interface as a function of the average total solid-liquid energy −usl.
The coupling parameters (κ,λ) were varied from (κ0, 0) to (2, 0) and from
(1, 0) to (1, 2) for the LJ-mp and C-mp, respectively. Two systems at
(κ, λ) = (1.8, 0) and (1, 1.7) with roughly the same −usl are compared in
the left panel of Fig. 6. Corresponding values of (κ, λ) are shown for several
points.
where Nads indicates the number of water molecules inside the
first adsorption layer. Figure 5 shows this area number den-
sity plotted against the average total solid-liquid energy −usl.
Surprisingly, the values of nads at a given solid-liquid energy
were almost the same for LJ-mp and C-mp, and their increase
with the increase in the average total solid-liquid energy −usl
seemed to saturate for larger−usl. However, this does not mean
that the water structure at the interface was the same, as already
inferred from the comparison of the topmost density distribu-
tions shown in Fig. 4 from (κ, λ) = (2, 0) and (1, 2). In addition,
even though the density peak for (κ, λ) = (2, 0) in Fig. 4 was
higher than that for (κ, λ) = (1, 2), the area number density
nads for the former was lower than that for the latter in Fig. 5,
which also indicated the difference in the structure of water at
the interface.
To extract the difference in the microscopic structure of
water at the solid-liquid interface, distributions of the dipole
orientation of water molecules there were analyzed. The left
panel of Fig. 6 shows the probability density functions of
cosine of the angle α between the water dipole vector and
the outward surface normal of the silica surface for systems
at (κ, λ) = (1.8, 0) and (1, 1.7). The two systems had roughly
the same average total solid-liquid energy of about 131 mN/m
and area number density as shown in Fig. 5, while the work of
adhesion was different at 94.6 and 70.2 mN/m, respectively,
in Fig. 3. Note that in order to exactly capture the molecu-
lar orientation, multi-dimensional distribution functions using
two or three characteristic vectors were needed.38,39 How-
ever, the present definition was chosen because of its sim-
plicity and the fact that the dipole orientation inside bulk
produces an uniform distribution. In both the systems, the
average dipole cosine was slightly above zero; i.e., water
dipole was directed slightly toward the liquid phase from
the horizontal plane. The main difference was observed in
the dispersion of the peaks: the system of (κ, λ) = (1, 1.7)
with solid-liquid Coulomb interaction had a wider distribu-
tion than the system with only LJ interaction between solid and
liquid.
Since a single dominant peak was observed in the prob-
ability density function as in the left panel of Fig. 6, the
dispersion was examined through its standard deviation given
by
σ(cos α) ≡
√
cos2 α − cos α2. (25)
The right panel of Fig. 6 shows the standard deviationσ(cos α)
plotted against the average total solid-liquid energy−usl, where
the overbar denotes the time and molecular average. The dis-
persion was clearly different for systems along the LJ-mp and
C-mp, which showed positive and negative correlation with
−usl, respectively. This can be explained as follows: the sil-
ica had both positively and negatively charged atoms at the
surface, which created a heterogeneous electric field, and the
preferable dipole orientation of water molecules depended on
the location at the surface; hence, this local electric field was
strengthened by increasing the Coulomb interaction, which
then resulted in the broadening of the dipole distribution. On
the other hand, by only increasing the LJ interaction between
solid and liquid, water molecules were simply confined more
in the first adsorption layer without change in the preference in
the dipole orientation. This difference is also closely related to
the difference in the dependence of entropy loss on the average
total solid-liquid energy along the LJ-mp and C-mp shown in
Fig. 3 and Table II.
FIG. 6. (Left) probability density function of the cosine
of dipole orientation cosα of water molecules in the
first adsorption layer for two systems of (κ,λ) = (1.8, 0)
and (1, 1.7) with roughly the same solid-liquid energy
but with different work of adhesion. The angle α was
set as the angle between the water dipole vector and
the outward normal of the silica surface. (Right) stan-
dard deviation
√
cos2 α − cosα2 of cosα as a function of
the average total solid-liquid energy −usl. Corresponding
values of (κ, λ) are shown for several points.
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It might be tempting to directly link the difference in the
standard deviation of dipole dispersion in the right panel of
Fig. 6 to the difference in entropy loss between the two inte-
gration phases. Indeed, for a normal distribution, the Shannon
entropy is proportional to the standard deviation,40 and a sim-
ilar relation would hold for our systems as there is only one
dominant peak in the distribution. Unfortunately, this is not the
case because the process of increasing solid-liquid interaction
strength would on the one hand result in a slight entropy loss
for the LJ-mp and on the other hand indicate an entropy gain in
the C-mp. This is very different from what we have observed
in Fig. 3 and Table II; both systems showed entropy loss, with
C-mp resulting in a larger entropy change. The reasons for this
are multifold. As will be discussed in Sec. III D, entropy change
can be interpreted as a function of energy fluctuations of the
solid-liquid energy. Figure 6 only reflects the distribution of
the orientation of water molecules, and it lacks the information
reflecting energy values, such as the coupling parameters or the
position of the adsorption layer, as shown in Fig. 4. This is espe-
cially substantial for the LJ-mp phase as the hydrogen atoms
of the water model used are no longer interacting with the sil-
ica surface; i.e. a change in rotational orientation has a much
smaller effect on the energy value. The information about the
fluctuation of molecule orientation is also missing in Fig. 6; e.g.
an interfacial molecule fixed at a certain orientation and one
fluctuating between two different orientations could produce
identical distributions of dipole orientation and still have sub-
stantially different entropies. Finally, other absorption layers
besides the first one might also have a significant contribution
to the solid-liquid entropy, and indeed, conditions where water
molecules in the first adsorption layer had significantly slower
dynamics have been observed.39 All these reasons prevent
a straightforward connection between the dipole orientations
and the change in the solid-liquid entropy.
D. Entropy and energy variance
In light of a great discrepancy between the solid-liquid
entropy and dipole orientation of interfacial water molecules
described in Sec. III C, we looked for a better way to gauge
the entropy change and took a closer look at how to calculate
entropy. Following the same train of thought as thermody-
namic integration applied to the calculation of free energy
change, the entropy change via (κ, λ) was expressed by41,42
T∆ssl ≡ T [ssl(κ, λ) − ssl(κ0, 0)]
=
A
kBT

∫ κ
κ0
*,∂usl(κ
′
, 0)
∂κ′
· usl(κ′, 0) − ∂usl(κ
′
, 0)
∂κ′
usl(κ′, 0)+- dκ′ +
∫ λ
0
*,∂usl(κ, λ
′)
∂λ ′
· usl(κ, λ ′)− ∂usl(κ, λ
′)
∂λ ′
usl(κ, λ ′)+- dλ ′
 ,
(26)
where kB is the Boltzmann constant, and ergodic nature of the
system exemplified in Eq. (17) is assumed as well. Hereafter,
obvious corresponding variables (κ, λ) of usl will be occasion-
ally omitted for simplicity. We further expanded this equation
using Eqs. (14) and (15) as
T∆ssl =
A
kBT
[∫ κ
κ0
(
u0
sl(LJ) · usl − u0sl(LJ) · usl
)
λ=0
dκ′
+
∫ λ
0
(
u0
sl(C) · usl − u0sl(C) · usl
)
κ
dλ ′
]
; (27)
hence, the entropy change could be obtained by numerically
integrating the RHS. In addition, by using the relation
usl(κ, λ) = usl(LJ) + usl(C)
= κu0sl(LJ) + λu
0
sl(C), (28)
the LJ and Coulomb contributions to the entropy effect in
Eq. (27) were divided as
T∆ssl = T∆ssl(LJ) + T∆ssl(C). (29)
It followed for the LJ contribution T∆ssl(LJ) in Eq. (29) that
T∆ssl(LJ)
≡ AkBT
[∫ κ
κ0
κ′
(
u0
sl(LJ) · u0sl(LJ) − u0sl(LJ) · u0sl(LJ)
)
λ=0
dκ′
+ κ
∫ λ
0
(
u0
sl(C) · u0sl(LJ) − u0sl(C)u0sl(LJ)
)
κ
dλ
]
= − AkBT
∫ κ
κ0
κ′σ2
(
u0sl(LJ)
)
λ=0
dκ′
− κAkBT
∫ λ
0
cov
(
u0sl(LJ), u
0
sl(C)
)
κ
dλ ′, (30)
using the variance and covariance with respect to u0
sl(LJ) and
u0
sl(C) given by
σ2(u0sl(LJ)) ≡ (u0sl(LJ))2 − u0sl(LJ)
2
(31)
and
cov(u0sl(LJ), u0sl(C)) ≡ u0sl(LJ)u0sl(C) − u0sl(LJ) · u0sl(C) , (32)
respectively. The second term of Eq. (30) can be further
simplified, so that41,42
− κAkBT
∫ λ
0
cov
(
u0sl(LJ), u
0
sl(C)
)
κ
dλ ′ = usl(LJ)(κ, λ)−usl(LJ)(κ, 0),
(33)
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which might appear surprising but is in fact inevitable, as it
corresponds to the C-mp, where LJ interactions no longer
explicitly depend on the coupling parameters and therefore
the LJ component must be exactly energy-entropy com-
pensating. This is equivalent to the exactly energy-entropy
compensating liquid-liquid interactions discussed in the con-
text of Eq. (7) in the Introduction section. On the other
hand, the Coulomb contribution T∆ssl(C) is given by the
following:
T∆ssl(C) ≡ − AkBT
∫ λ
0
λ ′σ2(u0sl(C))dλ ′. (34)
Note that this division of entropy is somewhat arbitrary
because of the dependence on the integration path.
Figure 7 shows the LJ and Coulomb components of the
entropy loss −T [ssl](1,λ)(1,0) ≡−T [ssl(1, λ) − ssl(1, 0)] and aver-
age total solid-liquid energy −usl along the C-mp (κ, λ)
between (1, 0) and (1, 2). The entropy loss LJ component
was obtained from Eq. (33), while the corresponding Coulomb
component was obtained from Eq. (34). Both were calcu-
lated through numerical integration with keeping κ = 1. We
confirmed that the entropy difference obtained by Eq. (27)
corresponded to the previous result shown in the left panel of
Fig. 3 calculated by Eq. (21). Note also that similar to Eq. (29),
the relation −usl = −usl(LJ) − usl(C) holds for the average total
solid-liquid energy, which is superimposed as a dashed line. As
the coupling parameter λ increased, the Coulomb component
of average total solid-liquid energy −usl(C) increased as easily
expected, while the LJ component −usl(LJ) was reduced. This
was closely related to the density distributions and dipole ori-
entation, respectively, in Figs. 4 and 6, showing that the orien-
tation change that led to the position change of water molecules
upon strengthening the Coulomb interaction was in fact disad-
vantageous in respect to the LJ interaction. Accordingly, the
FIG. 7. Lennard-Jones (LJ) and Coulomb components of the entropy loss
−T [ssl](1,λ)(1,0) ≡ −T [ssl(1,λ) − ssl(1, 0)] and average total solid-liquid energy
−usl along the Coulomb modification phase (C-mp) of (κ, λ) between (1, 0)
and (1, 2). (κ, λ) between (1, 0) and (1, 2). The entropy loss LJ component
was obtained from Eq. (33), while the corresponding Coulomb component
was obtained from Eq. (34).
changes in the entropy loss for the LJ and Coulomb compo-
nents were in contrast: the entropy decreased for the Coulomb
component, whereas it increased for the LJ component by
strengthening the Coulomb interaction.
Finally, we tried to roughly estimate the change in the
entropy loss without using thermodynamic integration. Con-
sidering that the entropy is a thermodynamic potential whose
difference between two states is independent of the path, the
entropy difference in Eq. (27) can be generally rewritten by an
arbitrary line integral in the (κ, λ)-plane of
T∆ssl = − AkBT
∫ (κ,λ)
(κ0,0)
{ [
κ′σ2
(
u0sl(LJ)
)
+ λ ′cov
(
u0sl(LJ), u
0
sl(C)
)]
dκ′ +
[
κ′cov
(
u0sl(LJ), u
0
sl(C)
)
+ λ ′σ2
(
u0sl(C)
)]
dλ ′
}
. (35)
As described in the Appendix, this entropy difference was
separated into two terms as
T∆ssl = T∆svarsl + T∆s
other
sl , (36)
where the first term directly corresponded to the variance of
the average total solid-liquid energy
T∆svarsl ≡ −
A
2kBT
σ2 (usl) , (37)
which was calculated only with a single simulation at (κ, λ).
On the other hand, the second term of the RHS of Eq. (36)
could be calculated through the numerical integration as exem-
plified in Eq. (A6). Hence, a rough estimate of the entropy
change was obtained as T∆svar
sl in Eq. (37) without numerical
integration.
Figure 8 shows the comparison between the exact entropy
loss T∆ssl calculated by Eq. (21) or (27) and its rough esti-
mate −T∆svar
sl calculated by Eq. (37) for the LJ-mp of (κ, λ)
from (κ0, 0) to (2, 0) and for the C-mp of (κ, λ) from
(1, 0) to (1, 2). The entropy change was fairly well estimated by
−T∆svar
sl , indicating that the energy variance dominated a large
part of the entropy change. It was also observed that the rough
estimate also seemed to change linearly with −usl. In addition,
−T∆svar
sl qualitatively showed that for systems with the same
solid-liquid energy, systems in the C-mp had a smaller work of
adhesion than ones along the LJ-mp. Considering that no ther-
mal integration and no parameters were needed for obtaining
the rough estimate, this can be a valuable tool when a rough
initial comparison of work of adhesion is needed. Of course
further study is needed to see if this is applicable to a wide
variety of systems and coupling parameters.
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FIG. 8. Comparison between the exact entropy loss T∆ssl calculated by
Eqs. (21) or (27) and its rough estimate −T∆svar
sl calculated by Eq. (37) for
the LJ modification phase (LJ-mp) of (κ,λ) between (κ0, 0) and (2, 0) and for
the Coulomb modification phase (C-mp) of (κ, λ) between (1, 0) and (1, 2).
Corresponding values of (κ, λ) are shown for several points.
Equation (37) also gives a physical meaning behind the
entropy change; i.e. systems with both LJ and Coulomb inter-
actions have a broader interfacial energy distribution, which
results in a larger entropy change. Note that the negative sign
of Eq. (37) is due to the chosen direction of reversible pro-
cess in this work. In the context of the definition of work of
adhesion as work needed to separate liquid from solid, the sign
would be positive and would indicate that the entropy gain due
to separation is proportional to the interfacial energy variance
at the start of separation.
IV. CONCLUDING REMARKS
We have performed molecular dynamics simulations of
film systems containing a water-silica interface and extended
the dry-surface method to compute work of adhesion in sys-
tems with long-range Coulomb interactions in the solid-liquid
interface. An α-cristobalite (101) without silanol groups was
chosen for the silica surface. The work of adhesion was
increased by increasing both the LJ interaction strength and
the silica charge, i.e., the silica polarity, which was in accor-
dance with previously published works.43,44 A linear relation
at strong solid-liquid interactions was also shown between the
solid-liquid energy and the work of adhesion, which resulted
from the ratio between the change in the solid-liquid energy
and the change in entropy caused by the solid-liquid interac-
tion being mostly constant. This ratio, however, was different
depending on the integration phase, and at same solid-liquid
interfacial energies, systems with both LJ and Coulomb inter-
actions had lower solid-liquid work of adhesion than systems
with only LJ interaction, because of the bigger entropy change.
The relation between the solid-liquid entropy and energy
variance was investigated, and it was shown that when increas-
ing solid-liquid interaction strength at high solid-liquid ener-
gies, entropy loss was proportional to the negative of the vari-
ance change. This demonstrated that interfaces with Coulom-
bic interaction had higher interfacial energy variations, which
resulted in a bigger entropy loss. The following observation
was made from this result: when in the context of work of
adhesion as work needed to separate liquid from solid, systems
with both LJ and Coulomb interactions at the solid-liquid inter-
face have a broader distribution of interfacial energies, which
results in higher entropy of adhesion, which then gets sub-
tracted from the adhesion energy, resulting in lower work of
adhesion. Finally, a rough way to estimate the work of adhe-
sion for systems, which could fairly represent the qualitative
feature of entropy change in the present system, was proposed,
which does not require numerical integration in a parameter
space.
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APPENDIX: SEPARATION OF THE CHANGE
IN SOLID-LIQUID ENTROPY
For the separation of the change in solid-liquid entropy,
we start from the expansion of Eqs. (30) and (34). By applying
partial integration, it holds regarding the first and second terms
of the right-most hand side of Eq. (30) that
∫ κ
κ0
κ′σ2
(
u0sl(LJ)
)
λ=0
dκ′ = 1
2
[
κ′2σ2(u0sl(LJ))λ=0
]κ
0
− 1
2
∫ κ
0
κ′2
dσ2(u0
sl(LJ))
dκ′
λ=0 dκ′
=
1
2
σ2
(
usl(LJ)(κ, 0)
)
− 1
2
∫ κ
0
κ′2
dσ2
(
u0
sl(LJ)(κ′, 0)
)
dκ′ dκ
′ (A1)
and
κ
∫ λ
0
cov
(
u0sl(LJ), u
0
sl(C)
)
dλ ′ = κ
[
λ ′cov
(
usl(LJ), u0sl(C)
)]λ
0
− κ
∫ λ
0
λ ′
dcov
(
u0
sl(LJ), u
0
sl(C)
)
dλ ′ dλ
′
= cov
(
usl(LJ), usl(C)(κ, λ)
)
− κ
∫ λ
0
λ ′
dcov
(
u0
sl(LJ), u
0
sl(C)
)
dλ ′ dλ
′
, (A2)
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respectively. In the same manner, the RHS of Eq. (34) is expanded by∫ λ
0
λ ′σ2(u0sl(C))dλ ′ =
1
2
[
λ ′2σ2(u0sl(C))
]λ
0
− 1
2
∫ λ
0
λ ′2
dσ2(u0
sl(C))
dλ ′ dλ
′
=
1
2
σ2
(
usl(C)(κ, λ)
)
− 1
2
∫ λ
0
λ ′2
dσ2
(
u0
sl(C)(κ, λ ′)
)
dλ ′ dλ
′
, (A3)
respectively. A possible separation of entropy change T∆ssl into first term T∆svar∗sl and second term T∆s
other*
sl with and without
integration, respectively, as in Eq. (36), would be given by defining the former using the first terms of the right-most hand side
of Eqs. (A1)–(A3) by
T∆svar∗sl ≡ −
A
2kBT
[
σ2
(
usl(LJ)(κ, 0)
)
+ 2cov
(
usl(LJ), usl(C)(κ, λ)
)
+ σ2
(
usl(C)(κ, λ)
) ]
. (A4)
However, this separation is apparently path-dependent as obviously seen in the asymmetric form. Hence, we reformulate the first
term into path-independent symmetric form by
T∆svarsl ≡ −
A
2kBT
[
σ2
(
usl(LJ)(κ, λ)
)
+ 2cov
(
usl(LJ), usl(C)(κ, λ)
)
+ σ2
(
usl(C)(κ, λ)
)]
= − A
2kBT
[
σ2
(
usl(LJ)(κ, λ) + usl(C)(κ, λ)
)]
= − A
2kBT
σ2 (usl(κ, λ)) , (A5)
which corresponds to Eq. (37). Then the second term is given by
T∆sothersl =
A
2kBT

∫ κ
κ0
κ′2
dσ2
(
u0
sl(LJ)(κ′, 0)
)
dκ′ dκ
′ + 2κ
∫ λ
0
λ ′
dcov
(
u0
sl(LJ), u
0
sl(C)
)
dλ ′ dλ
′
, +
∫ λ
0
λ ′2
dσ2
(
u0
sl(C)(κ, λ ′)
)
dλ ′ dλ
′
+σ2
(
usl(LJ)(κ, λ)
)
− σ2
(
usl(LJ)(κ, 0)
) 
=
A
2kBT

∫ κ
κ0
κ′2
dσ2
(
u0
sl(LJ)(κ′, 0)
)
dκ′ dκ
′ +
∫ λ
0
κ2
dσ2
(
u0
sl(LJ)(κ, λ ′)
)
dλ ′ dλ
′ + 2
∫ λ
0
κλ ′
dcov
(
u0
sl(LJ), u
0
sl(C)
)
dλ ′ dλ
′
,
+
∫ λ
0
λ ′2
dσ2
(
u0
sl(C)(κ, λ ′)
)
dλ ′ dλ
′
 . (A6)
Since Eq. (A5) is path-independent, the rest of T∆sother
sl ten-
tatively calculated by the line integral in Eq. (A6) via (κ, 0)
is also path-independent as long as the entropy in Eq. (35)
satisfies the following totally differentiable condition:
∂
∂λ ′
[
κ′σ2
(
u0sl(LJ)
)
+ λ ′cov
(
u0sl(LJ), u
0
sl(C)
)]
=
∂
∂κ′
[
κ′cov
(
u0sl(LJ), u
0
sl(C)
)
+ λ ′σ2
(
u0sl(C)
)]
. (A7)
Equation (37) can also be derived by choosing a single straight
integration path from (κ0, 0) to (κ, λ), on which the two
parameters (κ′, λ ′) are expressed by one variable χ ∈ [0, 1] as
(κ′, λ ′) = χ(κ, λ). (A8)
On this path, the solid-liquid potential energy is given by
usl
(
Γ, χ
)
= χusl
(
Γ, κ, λ
)
, (A9)
where u(Γ,κ,λ)
sl is the potential energy calculated for given sys-
tem coordinates using the potential parameters at (κ, λ). Then
the entropy change is calculated by
T [ssl(κ, λ) − ssl(κ0, 0)] = − AkBT
∫ 1
0
χσ2(u(κ,λ)
sl )d χ. (A10)
By applying partial integration, T∆svar in Eq. (A5) is derived,
while T∆sother is given by the following:
T∆sother =
A
2kBT
∫ 1
0
χ2
dσ2(u(κ,λ)
sl )
d χ d χ. (A11)
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